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Abstract In this paper, the mathematical analysis of a quasilinear parabolic—hyperbolic problem in a multidimen-
sional bounded domain €2 is carried out. In a region €2, a diffusion—-advection—reaction-type equation is set, while
in the complementary 2, = Q\2,, only advection—reaction terms are taken into account. First, the definition of a
weak solution u is provided through an entropy inequality on the whole domain Q by using the classical Kuzhkov
entropy pairs and the F. Otto framework to transcribe the boundary conditions on 32 N 92y, Since I'y, contains
the outward characteristics for the first-order operator set in Qy, the uniqueness proof begins by focusing on the
behavior of u in the hyperbolic layer and then in the parabolic one where u fulfills a variational equality that takes
into account the entered data from Qj,. The existence property uses a vanishing-viscosity method.

Keywords Conservation laws with discontinuous flux functions - Coupling of parabolic—hyperbolic equations -
Entropy formulation - Entropy process solution

1 Introduction

This paper deals with the coupling of a quasilinear parabolic equation with a quasilinear hyperbolic one of first
order in a multidimensional bounded domain 2. The former is an advection—diffusion-reaction-type equation set
in aregion 2, of 2, while the latter—set in the complementary region 25 = \£2,—only contains an advection—
reaction part.

As mentioned in [1], this type of problem arises from several physical applications that are modeled by a global
advection—diffusion—reaction process in the whole 2. However, in these problems, the diffusive term may be rele-
vant only in a subregion €2, (which clearly depends on the problem in hand), while it can be neglected in the rest
of the domain €2, without affecting the solution appreciably.

Fluid dynamics is one of the fields that benefit greatly from a coupling approach of the type considered here. For
example, we may consider viscous compressible flows around a rigid profile (e.g., an aerofoil). Physical evidence
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suggests that viscosity effects are negligible apart from a small region close to the rigid body. This means that the
mathematical modeling of the problem may lead to the use of equations of different character (precisely Euler,
Navier—Stokes equations) in separate regions, by dropping viscous terms when they are very small.

Another example is provided by a heat-transfer problem such as a forced incompressible flow over a heated
plate. In such a case, the thermal diffusivity is much more important in the boundary layer than elsewhere (here
the reduced equation of energy conservation can be assumed to describe the flow field). The velocity field can
be evaluated independently from that of the temperature, while the latter is the solution to an advection—diffusion
equation in which the transport field is given precisely by the (known) velocity. Away from the boundary layer, the
diffusive term may be neglected.

We complete this introduction with yet another example, within the framework of infiltration processes through
a stratified subsoil viewed as an heterogeneous porous medium with different geological characteristics in each
layer, and such that, depending on the physical properties of the rock, the diffusivity effects may be neglected with
respect to those related to transport. This approach has mainly motivated the previous studies of [2] and [3].

2 Mathematical setting

Let Q be a bounded domain of R”, n > 1 (in practical n = 3), such that @ = @, U Q,; Q) (hyperbolic zone)
and 2, (parabolic zone) being two disjoint bounded domains with Lipschitz boundaries denoted by I') = 92,
lefh, ptand Ty, =T, NIp. Let T be a finite positive real. We are interested in the uniqueness and existence of
a measurable and bounded function u# on Q =]0, T'[x €2 satisfying

B — D 0y, (I, (X)dy; ¢ () + K (x, 1)) + g(t, x,u) = 0on Q, ()
j=1
u=0o0n]0, T[x02, u(0,.) = ug on 2, 2)

with I (x) = 1if x belongs to €2, and 0 otherwise,
Kj(x,u) = Kp(u)Bp, j(x)lg, (x) + Kp(u)Bp,j(x)]IQp(x), jef{l,..., n},
g, x,u) = gpt, x, wlg, (x) + gn(t, x, u)lg, (x).

WesetI'; = 0Q;,i € {h, p}, 'yp =T, NIy so that H"_I(F_hpﬂ (I'i\I'sp)) = 0, where H? is the g-dimensional
Hausdorff measure.
The vector fields B; = (B; 1, ..., Bi ) are elements of W2'+°°(Q,~)" and such that

Lpp Clo €Ty, Bp(o) - vy <0} 3)

where v; denotes the outward normal unit vector defined H"-a.e. on 10, T[xT;.

The initial datum ug belongs to L°°(£2) and the transport term K, is Lipschitz continuous on R with a constant
IC/,7 and K, is a nondecreasing Lipschitz continuous function on R, with a constant IC;l. Besides, for i in {4, p}, the
reaction term g; is measurable and bounded function on [0, T[x€2; x R such that

M, € R, ae.on]0, T[xQ2; x R, 8,8 < My,

We assume that there exista € R~ andb € R suchthata < band¢isa nondecreasing function of wltoo (a, b),
with ¢ (0) = 0 satisfying

¢! exists on [¢(a), p(b)],

that is fulfilled, in particular, when {x € [a, b], ¢'(x) = 0} has a zero Lebesgue measure. Observe that, thanks to
the Rademacher’s Theorem, the function ¢ is differentiable a.e. on [a, b]. This will be useful to state the existence
result for (1)—(2).
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Conservation laws with discontinuous flux 321

2.1 Notations and functional spaces

In the sequel, o (resp. ) is a variable of ¥; =10, T[xI'; (resp. I';), i € {h, hp, p}. Thus ¢ = (¢, o) for any ¢ of
[0, T].

We suppose that I",\I',, has a non-zero H"~!-measure. We may now consider the Hilbert space
V=1{ve H(Q,),v=0ae onT,\[}.
used with the norm |[v|ly = ”VUHLZ(Q,,)"’ equivalent to the classical HI(QP)—norm. We denote by ((., .)) the
pairing between V and V' and by (., .) the pairing between Hol(SZ) and H (). Furthermore,
WO, T) = {v e L*0,T; Hy(Q)); dv € L0, T; H~ (@)},

2

1/2
2
ora-@) T ”U||L2(0,T;H01(s2))) . We recall that W(0, T) C

endowed with the norm ||v||w,7) = (||8tv||

C([0, T]; L*(2)).
The function sgn,, denotes the Lipschitzian and bounded approximation of sgn given for any positive 4 and any
nonnegative real x by

sgn,, (x) = min (%, 1) and sgn  (—x) = —sgn, (x).

Lastly, to simplify the notation, we set for i in {4, p}:

Gi(u,v) = gi(t,x,u) — K;(v)divB; and F;(u, v) = sgn(u — v)(K; (1) — K;(v)),
Li(u,v,w) =|u—vld,w — Fj(u, v)B; - Vw — sgn(u — v)G; (u, v)w.

and

L(u,v,w) = Lyu,v, w)]IQp(x) + Lp(u, v, wlg, (x),

K(x, u) = K, (w)Bplg, (x) + Ky (u)Bylg, (x),

1
Fn(u, v, w) = §{|Kh(u) - Kp()| = |Kp(w) = Kp ()| + |Kp(u) — Kp(w)l}.

3 Statement of uniqueness
3.1 Global definition

We provide a definition of (1)—(2) by considering that (1) can be viewed as a quasilinear parabolic equation that
strongly degenerates on a fixed subdomain. So we refer to [2,3] to propose a weak formulation through a global
entropy inequality on the whole Q. That is why it will be said that:

Definition 1 A measurable function u a solution to (1)—(2) if,

u e L>¥(Q), a < —lulloo < lulloc < b, pu) € L*O0, T3 V), “

V¢ e D(Q), ¢ >0,V e R,

/L(u,fc,()dxdt—/ Vi) — ¢ (k)| - Vedxdre
0

o (©)

—/2 {Kn()Byp — K (1)Bp} - vpsgn(ep (u) — ¢ (x))¢do = 0,
hp

V¢ e L' (Zp\Zpp), £ > 0,Vk € R
ess lim Fnw(o + tvy),0,6)By(0) - vpedo <0, (6)

>0~ Zi\Znp
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ess lim lu(t, x) —up(x)|dx = 0. @)
=0t Jo

Remark 1
(i) In (5), the term sgn(¢ (u) — ¢ («)) on Xy, has to be understood in the sense of the trace of ¢ (#) on X, from
the side of Q.
(i) We consider (5) with k = b and with k = a. By comparing the two resulting inequalities we remark that the
boundary integrals and all the x-dependent terms collapse and it results for any ¢ in H(} (Q) that

/Q (uB,C — (]Ingqb(u) + K(x, u)) -V¢ —g(t, x, u);“) dxdr = 0. ®)

Hence u is a weak solution since, in the sense of distributions on Q,
o;u — div (HQI,V¢(u) + Ki(x, u)) + g, x,u)=0.

3.2 Study on the hyperbolic zone

We derive from (5) and (6) an entropy inequality on the hyperbolic domain that will be the starting point for estab-
lishing a time-Lipschitzian dependence in L' (£2),) of a weak solution to (1)—(2) with respect to the corresponding
initial data. To do so as in [3] and by using (5) and (6), we state first that for any « in R and any ¢ of D(]O, T[xR"),
¢ > 0:

—/ Lp(u, k, p)dxdt <ess lim |Kp(u(o + tvy)) — Kp(k)|Bp(o) - vpp(o)do
On =0~ th
—ess lim |Kp(u(o + tvp)) — Kp(0)|By, - vpedo + | Kj (k)
=07 J B\ 2
— K, (0)] B, - vppdo.
2:h\zhp

But due to (3) and to the monotonicity of Kj, the first integral in the right-hand side is non-positive. We deduce
that, if # is a measurable and bounded function on Q satisfying (5) and (6), then for any x in R and any ¢ of
D(J0, T[xR"), ¢ = 0,

—/ Lp(u, k, p)dxdr < —ess lim |Kp(u(o + tvp)) — Kp(0)|By, - vpepdo
On =07 2:h\Ehp
+|Kp (k) — Kp(0)] B; - vpedo. 9)
2:h\zhp

In order to use the method of doubling variables, we need a technical result based on properties of mollifiers which
has already been pointed out in [4] (or in [5, Chapt. 2]), [6]:

Lemma 1 Let u be a measurable and bounded function on Qy, such that (9) holds. Then for any continuous function

pon QpUXy
. = D5, + - -
lim / / |Kn(u(p)) — Kn(O)[By(&) - vy (u) W (Bl — p) dédp
=0+ J oy, JE\Zhy 2
1
= —ess lim |Kp(u(o + tvy)) — Kp(0)|By(o)vpe(o)do
2 >0~ Zi\Znp
and,
lim [ess lim |Kn(u(o +tvp)) — Kp(0)|Br(0) - Vhfﬂ(p‘z;ﬁ)Wa(mz—ﬁ)deﬁ
§—0tJg, =0~ =\ Sy
1
= ~ess lim [Kp(u(o + tvp)) — Kp(0)|Br(0) - vip(o)do,

=0~ 2h\zhp
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where Wj)s=o is defined on R"*! through:

n
V8 >0, Vp = (t,x1,.., xa) € R™ Ws(p) = ps (1) [ | ps(xi),
i=1

where (ps)s=o is a standard sequence of mollifiers on R.
Now from (9) and Lemma 1 we derive:

Theorem 1 Let u and uy be two weak solutions to (1)—(2) for initial data ug,| and ug 2, respectively. Then
forae tin]0, TI, / lui(t,.) —uy(t, )|dx < eMZ:’ht / luo,1 — up2|dx.
Q Q)

Proof We choose in (9) for u; written in variables p = (¢, x),

Kk =uy(t, %),

and in (9) for uy in variables p = (7, X), k = u1 (¢, x). Furthermore in (9) for u;,
- p+p .

¢@4ﬂ=§(—3—)mﬁp—p%

where ¢ belongs to D(]0, T[xR"™), ¢ > 0 and similarly in (9) for u,. We integrate over Qy, on the p variables for u|
and on the p variables for u>. We add up. Through classical techniques we pass to the limit with § on the left-hand
side. The right-hand side goes to 0 with §, thanks to Lemma 1 for # and u,. This results in:

—/Q {lur —uz10;¢ — |Kp(u1) — Kp(u2)|By, - Viidxdr < —/ sgn(uy — up)(gn(t, x, u1) — gn(t, x, uz))¢dxdr.
h

Oh
For ¢ = ay, where « belongs to D(0, T), « > 0 and ¥ to D(R"), ¥ > 0, ¥ = 1 on Qy, the Lipschitz condition
for gj, provides:

—/ luy — uslo’ (#)dxdr < Méh/ | — upla(t)dxds.
Qh Qh

The conclusion follows from Gronwall’s Lemma. O

3.3 Study in the parabolic zone

On Q,, we characterize a solution to (1)~(2) through a variational equality including the contribution of data
entering from the hyperbolic zone. Indeed:

Proposition 1 Let u be a weak solution to (1)~(2). Then d;u belongs to L*(0, T; V'). Furthermore, for any v in
L*(0,T; V),

T
/ ((9u, v))de +/ (Vd)(u) + Kp(u)Bp) - Vudxdt +/ gp(t, x, uyvdxdt
0 Qp

Qp

+ ess 1in8 Kn(u(o + tvy))By - vyvdo = 0. (10)
7—>0" th
Proof Because of a density argument (8) is still true for any ¢ in D(0, T'; HO1 (£2)). Now let ¢ be givenin D(0, T; V).
We consider ¢ to be an extension of ¢ to D(0, T'; HO1 (2)) and we take ¢ = @&, in (8) where £, belongs to wlhteo(Q),
0 <&, < 1, and fulfills for any positive o:

lifx € Q,
Eo(x) = { 0if x € @, dist(x, Tp) > o,
IVéolloo < C/o.
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To pass to the limit when o goes to 0T, we claim as in [3] that
lim Ky (u)¢By, - VE,dxdt = ess lim Kip(u(o + tvp))eBy, - vpdo.
0—0t Jo, =0~ Zhp

This way, for any ¢ in D(0, T; V), ¢ > 0,

/s

ud;pdxdt = / (qu(u) + K,,(u)B,,) - Vedxdr +/ gp(t, x, u)pdxdt

P Qp QP

+ess lim Kn(u(o + tvp))eBy, - vpdo. (11)

>0~ Zhp

Since u is bounded and ¢ () belongs to L*(0,T; V) we may argue—thanks to the Trace Theorem—that there
exists a constant C such that

/ ud;pdxdr
Qp

which ensures that 9,u belongs to L2(0,T; V') (see Appendix of [7]). Thus,

Yo € D, T; V), < Cllell20,1:v)>

T
Yo € DO, T; V), —/ ud pdxde =/ ({Byu, p))dr.
0

Qp

By a density argument we may rewrite (11) with ¢ in L2(0, 7; V) and (10) follows which completes the proof of
Proposition 1. (]

3.4 The uniqueness theorem

Let u; and u; be two solutions to (1)—(2) having the same initial data on the hyperbolic zone. Because of Theorem 1,
we are sure that u; = uj a.e. on Qj. On the parabolic zone, the uniqueness proof uses a method of doubling only
the time variable and to deal with the convective terms, we need to assume that

K, o ¢~ is Holder continuous on ¢ ([a, b])
with a constant C and exponent 8 > 1/2.

12)
Then we may assert that:

Theorem 2 Under (12) the problem (1)—(2) admits at most one weak solution. Besides, if u; and uy are two weak
solutions corresponding to initial data ug,| and ug > such that uog,| = uo a.e. on 2y, then

forace. tin0,TI, /|u1(t,.)—u2(t,.)|dxgeMép’/ luo.1 — wo.o|dx.
Q

2p

Proof In (10) for u; and written in variables (¢, x) we consider v(¢, f, x) = sgn, (¢ 1) (1, x) — ¢ (u2) (&, x)as(f, 1)
while in (10) for u, written in variables (Z, x), we take the test function —v(¢, £, x). For any positive §,

as(, 1) =yt +1)/2)ps ((t —1)/2),

where y is a nonnegative element of D(0, T') and § is small enough for «s to belong to D(]0, T[x]0, T[). By adding
up, we have:
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T T
/O /O (D1 — ik, sgn,, (¢ (u1) — (@) asdedi
+/ V(g (ur) — (b(ﬁz)) : ngnu(gb(ul) — ¢(ﬁ2))a5dxdtdf
10.7(xQ,
Jr/]o T[xQ (KpQui) — Kp(it2))By, - Vsgn,, (¢ (u1) — ¢ (it2))asdxdrds
+/]0 X0 (gp(t,x,ur) — gp(t, x, ii2))sgn,, (¢ (ur) — & (ii2))asdxdrdi

T
= —/ ess lim [ Kjp(ui(o + tvyp))Bp - vpsgn, (¢ (ur) — ¢ (i12))asdodr
0

T—>07 hp
T ~
—i—/ ess linol Kn(up(6 + tvp))By, - vhsgnu(¢>(u1) — ¢ (hr))agdrdodr (13)
0 7—07 Ehp

So as to simplify the notation, we add a “tilde” superscript to any function in the  variable. We want to pass to the
limit in (13) when u goes to 0" and then when § tends to 0T, In the first line of the left-hand side, we use for each
term an integration-by-parts formula based on a convexity inequality (see e.g. [8], the Mignot-Bamberger Lemma)
to obtain:

_/ ((/u1 sgn,, (¢ (r) — ¢>(122))dr) a,a(;) dxdrdr

10,T[xQ)p i

_ / (( / " sen,, (¢ (u1) — ¢>(r))dr) 8;015) dxdrdf
10,T[xQ)p 7]

In the third line we write K ,(u) = K, o ¢~ (¢(u)) for uy and for ii». Then due to (12) and to the Young inequality
with p = 2:

/]0 T[xQ (Kp(ur) = Kp(i2))B - Vsgn,, (¢ (u1) — ¢ (ii2))esdxdrdi

C?IBp 17, e ) _
s — / | (1) — ¢ (2) | tssgn, (¢ (u1) — p(i2))dvdrdi
10,T[xQ)p
2

where in the right-hand side the second integral vanishes into the diffusion term while, by coming back to the
definition of sign,,, the first one is estimated by

1 -
+—/ V(g @) — ¢(ﬁ2))|2a85gn;¢(¢(”1) — ¢ (u2))dxdrdr,
10.T[xQp

C”/]O _ 120 s ) i) <y e
A IXUp

which goes to 0 with  as soon as 6 > 1/2.

Now for the right-hand side of (13), since u| = uj a.e. on Qp then u (o + tv) = usz(o + tv,) for any negative
7. However, from (9) used with ¢ in D(Qj), we argue as in [4] (see also [5, chap. 2]) that for any open subset Xjqc
of X, there exists ® in L°°(Xjoc) such that:

ess lim Kp(u(o + tvp))By, - vy Bdo =/ ®(o)pdo,
Zioc

=0~ Sloc

for any g in L! (XZ10c)- We refer to this relation when Xjoc = Xjp. Thus,

ess lim [ Kj(ua(o + tvp))By - vasgny, (¢ (u1)(0) — ¢ (u2)(f, 0))ets (t, t)do

=0~ hp
= /2 O(0)sgn,, (¢ (u1)(0) — P (u2)(f, 5))as(Z, t)do.
hp
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So that finally we have to consider the term

T /T y ; N ~
/ / (O, 0) — O, 0))sgn, (¢ u1)(0) — P(uz)(t, 5))as(r, t)dodrdr.

0 0 Cnp
Eventually, when 1 goes to 07 in (13) through the Lebesgue-dominated convergence Theorem, we obtain:
T T ~
—/ luy — up| (85 + d:as)dxdrdi < / / / |©(t,6) — O, 5) |asdodrdi
10.7[xQ, o Jo Jry,
—I—Mé / lup — u2|oz5dxdtdf
" 0,110,

+/ |gp(t,xvlz2)—gp(f,x,ﬂz)m,;dxdtdf.
10,T[xQ)p

Now, we return to the definition of a5 to express the sum 9d; a5 4 9;c¢s. Then we are able to take the limit with respect
to § through the notion of the Lebesgue points for an integrable function on ]0, T[. For any y of D(0, T), y > 0,
we obtain

g

We use Gronwall’s Lemma to complete the statement of Theorem 2. U

luy — us|y’(H)dxdt < Mg,p/ |up — uz|y (t)dxdr.
Qp

V4

Remark 2 As a consequence of the proof of Theorem 2 and the preceding statement, we may propose an equivalent

definition of (1)—(2) that might read:
e ueL®Q), a<—|ulloo < lluloo < b, p(u) € L*0, T; V),

e V. € D(Qn), ¢ >0, Vk € R,/ L(u, k, ¢)dxdr > 0.
On
e YueL*0,T;V),

T
/ ((O;u, v))dt +/ (V¢(u) + K,,(u)B,,) - Vudxdrt +/ gp(t, x, u)vdxdt
0 0 0p
+esslim,_,o- Ky(u(o + tvy))By - vyvdo = 0.
Znp

e V¢ € HI(Q), /Q (u0iz — (I, Vo (u) + K(x, ) - Vi — g(t, x, u)¢) dxdr = 0.
o V¢ e LL(Z)\Zpp), Vk € R,

ess lim Fnu(o 4+ tvp), 0, k)By(0) - vyedo <O0.
=07 JE)\ Sy

e ess lim lu(t, x) —ug(x)|dx = 0.
=0t Jq

4 The existence property
4.1 The second-order problem

We approximate a weak solution to (1)—(2) through a sequence of solutions to viscous problems deduced from
(1)—(2) by adding a diffusion term in accordance with the proposed physical modeling of two layers in the subsoil
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with different geological characteristics. So for any positive €, we are first interested in the uniqueness and existence
of a measurable and bounded function u,. on Q satisfying

n
Orute — Zax,- (e (x) 0y, Pe(ue) + Kj(x, ue)) + g(t, x,ue) =0on Q, (14)
j=1
U =00n]0, T[x0, ues(0,.) = ugon 2, (15)

with A¢(x) = [, (x) + €lg, (x) and ¢e (ue) = ¢ (ue) + €ue.
We define N = Ni+No, Nt = 2%y Mes N2 = 2 e py KildivBi [l oo, N3 = 255 ) €55 SUP[o 71x &
(gi(t,x,b) + K;(b)divB;)™ and Ny = — Zie{h,p} Maxg 71xa, (gi(t, x,a) + K;(a)divB;) ™. This way,

i

N
AMmy € RY, moeN' T + ﬁ(eNT —1)=b,

N.
ng e R™, noeN T + 2N 1) =a.
N
We choose an initial datum u¢ in L>°(2) such that

ess s;lzp uy < mp and ess iIS]Zf uy > no

and we introduce the nonnegative and nondecreasing time-dependent function
Ml:te[O,T]—>Ml(t):moeN’+%(eN’—1), (16)
and the non-positive and non-increasing function

My:t €0, T] — Mz(t)znoeN’+%(eN’—l), (17)

so that M1(T) = b > mg and Mr(T) = a < ny.
We investigate the behavior of the sequence (i)~ When € goes to 0. With this view, in order to deal with
bounded solutions, we need the following assumptions on K and K, a.e. on I'j:

Vr € [mo, b], Kn(My(r))Bp, - vy > Kp(M1(r))By - vy, (18)
Vr € [a, nol, Kn(M2(r)Bp - vy < Kp(Ma(r))B) - v, (19)
where M and M, are defined by (16) and (17). From this we may state the first main theorem of this section:

Proposition 2 Under (18) and (19) there exists a unique solution u. to (14)—(15) in W (0, T) N L*°(Q) such that

Vi € [0, T], Ma(t) <uc(t,.) < Mi(t)a.e. in <2, (20)
uc(0,.) =ugae in2, 21

satisfying the variational equality for any v in H(} () and for a.e. tin 10, T[:
(Orue, v) + / (Ae(x)Ve(ue) + K(x, ue)) - Vo + g(t, x, ue)v)dx = 0. (22)
Q
We recall that, since u. belongs to W (0, T'), for any ¢ in [0, T'], u(t, .) is an element of LZ(Q); that gives a
meaning to u. (0, .) a.e. in Q.

Proof (a) In a first step, we define for any real a, b, ¢, B(a, b, ¢c) = max{a, min{b, c¢}} and we introduce the
modified problem for a fixed positive €:

Find u, in W(0, T) such that a.e. on ]0, 7'[ and for all v in H (%),
(Orute, v) +/ (e, W) Vue +K(x,u?)) - Vv +g(t, x, uf)v) dx =0, (23)
Q

ue(0,.) = uga.e.in Q,
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328 J. Jimenez, L. Lévi

where u}(t, x) = B(M2(t), uc(t, x), M1(t)). Indeed (20)—(22) is equivalent to (23) since, if (23) has a solution u.,
then u, satisfies (20): let u. be a solution to (23). The majoration for u. in (20) is obtained by considering in (23)
the test function v, = sgnu(ué — M (¢))" and by integrating over 10, s[, for any s of ]0, T']. For the evolution
term, one adds and subtracts (d; M1 (t), v, ). Then we integrate using a Mignot—-Bamberger formula (see [8]). Also,
because of the Green formula and since Vv, is supported on {u. > M1}, we write the for the convective term (with
05 =10, s[xQ):

K(x,u:)-Vv,dedtz/ K(x, M) - Vu,dxdr = — Z/ Ki (M (1))divB; v, dxdr
Qx K ie{h,p} Qi,s

+ : (Kn(M1(0))By - vy — Kp(M1(1))B, - vy)vydo,
hp

where, due to (18), the second line in the left-hand side is nonnegative. The diffusive term being also nonnegative,
we have upon u going to 07

/(ug(s,x)—Ml(s))+dx+/ M)+ D Gi(My, M)]g, | sgn(ue — My ()" dxds < 0.
¢ Qs ie{h,p)

Returning to the definition of M1, we make sure that a.e. on Q,
M) + 2icip.py Gi (M, MDIg, = NMi (1) + N3 + 2y ) Gi (M1, Mg,
> NMi(t) + N3 —NM(t) + Nb + Z,-e{h,,,}(gi(t, x,b)
+K;(b)divB;))lg, > 0.
The conclusion follows immediately. The reasoning for the minoration in (20) is similar—with the test function

vy = —sgn, (ue — Ma(7))™ in (23)—and uses (19) to ensure that the integral along the interface is nonnegative.

Remark 3 The previous calculations highlight the fact that if
> (8i(. . no) — Ki(no)divB)) <0 and > (gi(....mo) — Ki(mo)divB;) > 0,
iefh,p) iefh,p}

then [ng, mo] is an invariant region for u., in the sense that if ngp < ug < mg a.e. in Q then ngp < u < mgp a.e.
in Q. This special framework may be derived from the general one by taking N' = 0, so that b = mg, a = no,
N3 = N4 = 0. This way, for any ¢ in [0, T], M{(t) = b and M>(t) = a and (18) and (19),

Kn(b)Bp, - vy > Kp(D)B, - vy,
Kp(@)By - vy < Kp(@)By - vp,

which are easier to be satisfied.

The existence property for (14)—(15) is reduced to an existence result for (23). We use the Schauder—Tychonoff
fixed-point Theorem which leads, for a given w in W (0, T'), to the linearized problem:

find U in W (0, T') such that for any v in Hé () and a.e. in 10, T'[,
(0,U, v) +/ ((A€¢é(w*)VU +K(x, w*) - Vv + g, x, w*)v) dx =0, (24)
UuQ,. = uog.z

It is well known that (24) has a unique solution. Thus we may define the operator

T:W(0O,T)— W(O,T)
w—U=T(w)

C). The former estimate and the definition of the norm in L2(0, T; H~1(Q)) entail, by reference to (24), that

where U is the unique solution to (24). In addition, using v = U in (24), we argue that ||U|| L20.T: H} () <
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16, U L20.T:H-1(Q) = C», for constants C1 and C; independent of w (but depending on €). Hence with C3 =
(C? + C3)'/2, we may say that

C={(UeWO,T),IUlwor < C3. U®O,.) = ug ae. in Q)

is a convex set, weakly compact in W (0, T'), and such that 7 (C) C C. As C is a metric for the weak topology
o (W(,T), W0, T)), we consider (w;), to be a sequence converging toward w weakly in W (0, T) in order to
establish that (7 (w,)), weakly converges toward 7 (w) in W (0, T'). For any n, we set U, = 7 (w,,). Since (Uy,),, is
uniformly bounded in W (0, T') with respect to w,—that is, uniformly with respect to n—there exists a U in W (0, T),
such that, up to a subsequence, (U, ), goes to U weakly in W (0, T), strongly in LZ(Q) and U, (0, .) goes to U (0, .)
weakly in L*(R). Consequently U (0, .) = up a.e. in Q and thus, by taking the limit with respect to n in (24), we
prove that U = 7 (w) and the whole sequence (U,), goes to 7 (w). Eventually, 7 has at least one fixed point u,
that is a solution to (23).

The statement regarding the uniqueness for (20)—(22) uses a Holmgren-type duality method. Let u and % be two
weak solutions. For any ¢ of [0, T'], we consider z(z, .) (resp. Z(Z, .)) in H(} (£2) such that for all v in HO1 (2), for all
tin [0, T

/AEVz~Vvdx=/ uvdx (resp. / AGV’Z\-Vvdxz/ﬁvdx). (25)
Q Q Q Q

It should be noted that, since d;u (resp. ;1) belongs to L%(0, T, V'), we are able to define, for a.e. 7 in ]0, T[, 8,z
(resp. 9;2) in HOI(Q) characterized by the variational equality for any v in HO1 () andrin [0, T]

/ AeVOz - Vodx = (0,u, v) (resp. / A V0,7 - Vodx = (0,1, v)) ) (26)
Q Q

First we take v = z —Z in (22) for u and for # and in (26). We integrate from 0 and s, s in [0, T'], to obtain

/ AeVd(z —2) - V(z —2)dxdt +/ AeV(ge(u) — ¢e(@)) - V(z —Z)dxds
Qs

Qs

= —/ (K(x,u) — K(x,n)) - V(z —7)dxdt —/ (g(t,x,u) — g(t,x,u))(z —z)dxdz.
Os Os
We observe that

/ AV (z —7) - V(z — Z)dxdt =/ re0:(V(z —72)) - V(z —7Z)dxdt

s s

_ l/ 2V (z = DIP(s, )dx,
2 Ja

since Vz(0, .) = Vz(0, .) as a consequence of (25) with r = 0.
In addition, we choose v = @, (1) — ¢ (&) in (25) to write:

/ AeV(ge(u) — ¢pe@)) - V(z —2)dxdr = /Q (u — 1) (pe () — Pe(u))dxdt

) 2

= 6”“ - ﬁ“I}(QA)

We use the Lipschitz condition for K; and g;, i € {h, p}. Hence Young’s inequality (with p = 2) provides, for any
sin [0, T]:
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1 ~ ~
3 / el V(@ =D (s, )dx +ellu —Ul7a ) < 2lu =l 12 max(IByllocK, 1Byl IV (z =Dl 12(g,
o ‘

!/ U 2
+max(M,, , M, )iz =7l L2g,))

The Poincaré inequality (to estimate ||z — Z]| 12(0,) With [V(z — DI 12(0,y) and the Young inequality lead to the
existence of a constant C such that:

1 2 2
E/QMWZ = DI, )dx < ClIIVE =Dz,

The conclusion follows by using Gronwall’s Lemma (recall that z(z, .) and Z(z, .) belong to H(} (2)).
Now we point out some a priori estimates for the sequence ()¢ of viscous Problems (14)—(15)¢~0:

Proposition 3 There exists a constant C, independent of € such that

102V W72 g + €2 P Vuel o = € (27)
9iuell20,7;m-1(2) = C, (28)

where a(x) = /x V@' (T)dr.
0

Proof We take v = u, in (22) and integrate over |0, T'[. The resulting equality provides an estimate of )»é/ 2 V&; (ue)
in L>(Q)-norm. We mention that the convective term is split into two integrals over Qj, and Q p- Then we write for
iin{h, p}:

Ue
/ Ki(ue)B; - Vucdxdre :/ \Y (/ Kl-(r)dr) B;dxdt
Qi Qi 0
Ue Ue
= —/ (/ K; (r)dt) divB;dxdr +/ (/ K,-(r)dr) B; - v;do.
Qi 0 Znp 0

Due to (20), each term in the left-hand side is uniformly bounded with respect to € and (27) follows. Eventually
(28) is obtained by coming back to the definition of the norm in L%(0, T; H-Y(Q)), by using (22) and the estimates
(20) and (27), with the same arguments as towards the end of the proof of Proposition 1. O

4.2 The viscous limit

To describe the behavior of the sequence (u¢)e=o When € goes to 0T on the hyperbolic domain, we take advantage
of (20) and of:

Claim 1 ([9]) Let O be an open bounded subset of RY (¢ > 1) and (u,)n>0 a sequence of measurable functions
on O such that,

IM > 0,Yn >0, |luxllpe~@o) <M.

Then there exist a subsequence (y())n>0 and a measurable function w in L*(]0, 1[xO) such that, for all
continuous and bounded functions f on Ox] — M, M|,

ve € LY(©), lim / f(x,u(p(,,))é'dxz/ f(x, (e, w)dadx.
n—>+00 /o 10,1[xO

Such a result has first been applied to the approximation through the artificial-viscosity method of the Cauchy
problem in R” for conservation laws, as one can establish a uniform L°°-control of approximate solutions. It has
also been applied to the numerical analysis of transport equations since “Finite-Volume” schemes only give an
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L°-estimate uniformly with respect to the mesh length of the numerical solution [9]. On the parabolic area, esti-
mates (20), (27) and (28) are not sufficient to study the behavior of (u¢)¢~0o. That is why we need an additional
assumption on ¢:

qb_l is Holder-continuous on ¢ ([M>(T), M1 (T)])with an exponent 7 in ]0, 1. 29)

In this framework, we can refer to the arguments put forward in [8, Chapt. 2]. From (28) the sequence (9;u¢)c=0
remains fixed in a bounded subset of L2(0, T; H™! (£2p)) and due to (20) and (27), the sequence (¢ (u¢))e=0 1S
bounded in LZ(O, T; V) uniformly with respect to €. Using that

Vs €10, 1[, L*(0,T; V) < L?(0, T; H(Q))) < L*(0, T; W5(2,)),

we argue that u. = ¢~ (¢ (u¢)) is bounded in L>/7(0, T; WT$2/* (2))). The compact embedding of W* 5.2/t (2p)
in LY/ (£2p) and the J.L.Lions compactness Theorem [10, p. 57] ensure that W = {v € L27(0, T; W2/t (2p));
oV € L2(0, T; H_I(Q,,))} is compactly embedded in L2/7 O, T; LZ/T(QP)). Eventually we have:

Proposition 4 When (29) holds, there exists a measurable function u in L°°(Q) with ¢ (u) in L*(0, T; V) and such
that up to a subsequence when € goes to 0T,
ue = u in L°(Q) weak — x, and in L1(Q,), 1 < q < 400,
Ve (ue) — Ve (u) weakly in L*(Q )", €V (uc) — 0F strongly in L*(Qp)",
re€Vue — 0 strongly in L>(Q)".
We are now able to state the second main theorem of this section:

Theorem 3 Problem (1)—(2) has a weak solution that is the limit in LY(Q), 1 < g < 400 of the whole sequence
of solutions to (14)—(15)¢~o when € goes to 07,

Proof We consider the function « highlighted in Proposition 4. Since (u¢|g,,)e>0 is uniformly bounded, there exists
a subsequence, still labeled (u¢|q, )e>0, and a measurable and bounded function 7, called a process, on 10, 1[x Qj,
such that for any continuous bounded function ¥ on Qj x1M>(T), M{(T)[ and & in L' (Q})

lim W(t, x, u)édxdt = / Wt x, w(a, t, x))Edadxdr. (30)
10,1{x 0y,

e~0" /g,

We first establish that on Qj, the process m is reduced to u|g, and second we prove that u is a weak solution
to (1)—(2) for initial data ug. To do so, we return to (22) and for any real ¥ we take the test function v; =
sgn,, (¢ (ue) — ¢ (k))¢182, where ¢ belongs to D(—T, T) and &3 to D(K2), & > 0. We integrate with respect to the
time variable and perform the following transformations:

For the evolution term, with 1, (ue, k) = fK”E sgn,, (¢ () — ¢(x))dz, through the Mignot-Bamberger integration
by parts formula (see [8]),

T
/O (Byitc, sen, (@ (ue) — SN0 r1dt = — /Q L (ue, )63, C1dxds — /Q L (w0, K)621 (0)dx.

For the diffusion term, we develop the partial derivatives and we use the fact that sgn,, (.) is nondecreasing. Then
we have:

[ Vot Vs = [ hesen, @0 — 960) Voo - Verdvar
0 0
+ /Q heesan, ((ue) — ¢ Vit - Vordrds,

Now, in order to take the e-limit and then the p-limit separately in the parabolic and the hyperbolic zones, the
convection term is split into two integrals over Qj and Q p:

S et /Q Ki(n)sgn, (o) — (k) V() - Bigytrdudr

+Zie{h,p}/Q_ Ki(ue)sgn, (¢ (ue) — ¢ (x))B;i - VI {idxdr.
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Let us focus on the first line when i = h (the reasoning when i = p being similar). We consider the flux term
Loy = / Kn(ue)sgn, (¢ (ue) — ¢ (1) Ve (ue) - Bpg15odxdr
O

that has to be carefully studied since we only have weak convergence for (i)~ and for (V¢ (u¢))e=o. That is
why we introduce

Dy (v, w) = / (Kn o ¢~ ")(r)sgn), (r — w)dr.

So that,

Iy = /Q V(D (o). d())) - Byt fadud
h

= —/Q D, (p(ue), ¢ (1)) (§152divBy, + 51V S - By )dxdr
h

+/2 D, (p(ue), ¢ ())By - vis182do,
hp

because of Green’s formula. We just mention that, since ¢ (. ) is an element of L%0,T: H'(Q)), forae.rof 0, T,
(¢ (M€)|Qh)|]"hp = (¢ (ue)lﬂp)\l“hp- We take now the e-limit through (30). For the boundary integral, D,, (., ¢ (k)) be-
ing nonlinear, the weak convergence of the traces of ¢ (u¢) on X, is not sufficient to pass to the limit. That is why we
consider the sequence (D, (¢ (¢), ¢ (k)){2)e=0. On account of Proposition 4 and since (D, (., ¢ («))) is Lipschitz,
(D (@ (ue), ¢(k))%2)e>0 strongly converges toward D, (¢ (u), ¢(k))¢2in LI(Q,), 1 < g < +00. Besides, based
on a chain-rule argument and estimate (27), we argue that (D (¢ (ue), ¢ (k)){2)e>0 is uniformly bounded in
L0, T; V)N L*®(Q) and so weakly converges (up to a subsequence) toward D, (¢ (u), ¢ (k))2 in L%(0,T: V).
The trace operator from LZ(O, T; V) into LZ(EP) being linear and continuous, (D, (¢ (ie), ¢ (k)){2)e=0 Weakly
converges toward (D, (¢ (u), ¢ (k))¢2) in L*(X,), and so in L2(Z,). Then lim o+ Ic,, = I,,, where

Iy = _/Q o0 D, (¢ (), ¢ (k) (¢152divBy, + £V - By)dadxdt
%10,

+/ D, (¢(u), ¢ («))Byp, - vpt142do.
h,

Zip

To take the limit with i, we come back to the definition of sign;L and use the fact that, since K, o(l)‘l 18 continuous
on ¢ ([Mo(T), Mi(T)]), (Dy (v, w)),~0 converges toward sgn(v —w) Ky, od)‘l (w)a.e.on Q;,x]0, I[ and dH"-a.e.
on Xj,. From the Lebesgue-dominated convergence Theorem, it follows that lim,_, g+ 1, = I where

I = —/Q ol sgn(¢(m) — ¢ (k) K (k) (Z15divBy, + 21V S - By)dadxdt
h XY,

+/2 sgn(¢(u) — ¢ () Kp()By, - vi&182do.

hp

Note that sgn(¢ () — ¢ (k)) = sgn(w — k) a.e. on Qp x]0, 1[. Eventually,

—/ Lp(u,k, Cléz)dxdt—/ Lp(7, k., £152)dadxds
Op 0, x10,1[

—/Qluo—lclé“l(o)izder/ Vig @) — ¢k)| - £1VErdxde (€29

P

+/z {Kn(<)By — Kp () - Bp} - vpsgn(¢ (u) — ¢ («))¢182do < 0.
hp
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For ¢ in D(L2},), we deduce that
[ Lk ciedadndr < [ o - ki 00z
0, x]0,1[ Q

Therefore, by following ideas in [4] or in [5, chap. 2], but here in the context of a process solution, we may be sure
that,

ess lim |7 (e, t, x) — A(x)|dadx 5/ lug — A(x)|dx, (32)
=01 J70,1[x €, Q

for any bounded measurable A on €2j and (7) on 2, for 7 is obtained by A = ug.
Now to establish that (6) is fulfilled, we take in (22) the test function v = 91 H; (uc, k)¢142, where ¢1 belongs to
D(0, T) and &, to D(RQp), ¢(t,.) = 0 on 'y, for any ¢ of [0, T'], ¢ > 0 and,

N /2
Vi e N*, Hi(z,w) = ((dist(z, 710, w]))2 + (;) ) — ;,

Qpi(zsw) = / 9y Hy(z, w) K] (1),

w

is the family of boundary entropy—entropy flux pair introduced by Otto [4] (or [5, chap. 2]). We emphasize that
01 Hj(ue, k)21 1s an element of L%(0, T; H(} (21)) so that calculations may be performed as if we were in the
single domain Qj,. In particular, the Green formula does not give rise to integrals along the interface. We integrate
with respect to the time variable and use the Mignot—Bamberger chain-rule argument. we have:

—/Q (Hi(ue, )220:51 — Qni(tte, €)Byp, - £1V 80 — Gpi (e, k)5182) dxdr
h

< —6/ 01H(ue, k)51V 82 - Ve (ue)dxdr,
Oh
the convexity of the function § — H; (&, .) being taken into account and
Ue
Gluer) = [ (Kn(@9% Hi(r.0) dr divBy + gt . o) Hue, ).
K

On account of (30) we take the e-limit. It follows:
—/ (Hi(w, )820:51 — Qi (T, By - 81V 82 — Gp (7w, k) 8182) dedxdr < 0.

10,1[x Qp
At this point, we adapt Otto’s works providing that:

ess lim Qni(m(a, o + V), ))By(5) - vp¢dado <0,

=07 J10, 1[x =4\ Zpp
for any ¢ of Lﬂr( %5\ Xpp). Boundary condition (6) for 7w follows by observing that (Qj, ;);en+ uniformly converges
toward F(z, 0, k) as [ goes to +00.

So 7 “fulfills” (5) with ¢ € D(Qy), (6) and (7) where the integrals over X, \ Xy, €2 and Qy, are, respectively,
turned into integrals over 10, 1[x X\ Xy, 10, 1[x£2; and ]0, 1[x O, with respect to the corresponding measure.
This way, by reasoning as in Theorem 1, if 71 («, ., .) and m2(B, ., .) are two process solutions for initial data ug 1
and up 2, then for a.e. ¢ in ]0, T'[,

/ |7T1(a7t1 x) —ﬂz(ﬁ,t,x)|dotd,3dxdt < / |I/l(),1 —M(),2|dx eMéht,
10,1[2x 2,

Q2
When up1 = up2 on 4, there exists a measurable and bounded function u;, on Qp such that a.e. on Qy,
up(.,.) = mi(a,.,.) = m(p,.,.) for a.e. @ and B in ]0O, 1[. Besides, the uniqueness property ensures that the
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whole sequence (u¢)e~0 strongly converges to uy, in LY(Qj), 1 < g < +oc. Thus, u, = u|q, a.e. on Qy and from
(31) we deduce that u satisfies (5), for any ¢ of D(0, T) ® D(2) so by density for any ¢ of D(Q), and (6). To
complete the proof of Theorem 3 we only need to ensure that (7) holds for u. Due to (32) we just have to concentrate
on ©,. We consider (31) for &, in D(L2)):

T
—/ (/ Iu—KICzderf(t));{(t)dtf/ lug — k1241 (0)dx,
0 Q, Q

with
t
£ = /g2 /0 [—sgnu(z, x) — ) (K u(z, x)) — Kp())B, - Ve
T gy (T X, u(T, X))sgn(u(r, x) — )5 — Pu(r, X)) — ¢ ()] ALIdT)dx.

So the time-dependent function t — pr lu — k|¢2dx + f(¢) is identified a.e. with a non-increasing and bounded

function, so it has an essential limit when ¢ goes to 0™, 7 in ]0, T[\O, where £(O) = 0. As f goes to 0 with ¢, we
obtain

ess lim lu — Kk|idx < / lug — x|¢dx, (33)
=0t Q »
for any function ¢, of D(£2,), &2 > 0, which concludes the proof of Theorem 3. O

5 Conclusion

This paper presents a mathematical analysis of a coupling of hyperbolic/parabolic scalar conservation laws in a
bounded domain 2 of R”, n > 1. The special framework considered only takes into account the situation of outward
characteristics for the first-order operator set in 2;; this means that data leave the hyperbolic zone to enter the para-
bolic one. Hence, from a mathematical point of view, the problem is well-posed in the hyperbolic domain where the
existence and uniqueness of a solution is entirely determined by the knowledge of initial and outer-boundary data.
To describe the behavior of a solution in the parabolic zone (and to state a uniqueness property), we need to take
into account data entering from the hyperbolic domain. In a certain way, the problem may be viewed as uncoupled,
but one should not forget that suitable transmission conditions are needed to ensure uniqueness in the parabolic
zone. These conditions are not explicitly stated in this paper since they are included in the global formulation itself
on the whole domain. They require the continuity of the flux along the interface and are written through an entropy
condition between traces coming, respectively, from the parabolic and the hyperbolic area as soon as the latter has
a meaning (for example when in the hyperbolic domain, the solution is a bounded function of bounded variation).
In fact, as soon as transmission conditions along the interface are available, a uniqueness property for the whole
problem defined on the whole studied field is obtained in a forthcoming paper, without a monotonicity assumption
on K and a sign condition for By, - v, along the interface. This way the direction of the characteristics for the
first-order operator set in the hyperbolic zone do not need to be a priori determined along the interface between
the two domains. For our point of view, if these transmissions cannot be explicitly stated, they need at least to be
included in a global formulation on the whole domain as in the present work. This forthcoming work states another
existence property that does not refer to a viscous problem. The construction of a solution requires the knowledge
of the characteristics field along the interface in order to first define a solution on the parabolic domain and then
on the hyperbolic one, or conversely. To release the latter point, a new way to obtain an existence result has to be
investigated.

Of course, the previous considerations are meaningless when the operators set on the parabolic and hyperbolic
domains are linear. In this situation, no entropy condition is needed to ensure the uniqueness of a solution in the
hyperbolic zone; the characteristics are parallel straight lines in the hyperbolic field and so are determined along
the interface. The transmission conditions are written as a continuity of the flux and of the trace along the interface,
since in this case a weak solution has a trace coming from the hyperbolic area.
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